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The remarkable theorem of reciprocity as described by D. I. than the wavelength of the electromagnetic field so that kr
Hoult and R. E. Richards (J. Magn. Reson. 24, 71 (1976)) may ! 1 where k is the wavenumber and r is the experimental
be generalized to account for the near, intermediate, and radiation distance scale. For most of NMR this is an excellent approxi-
zone fields of a magnetic dipole. This form of reciprocity may be mation. There are certain NMR experiments, however, in
important when the wavelength of the NMR signal is not large which the near-field approximation no longer provides a
compared to the distance scale of the system. In these situations

complete description of the system. The wavenumber, k , isthe effects of interference may be significant. In addition, both the
given byfrequency dependence and distance dependence of the NMR signal

amplitude are altered. In general, the distance dependence of the
signal follows a weighted sum of 1/r 3 , 1/r 2 , and 1/r dependence. k Å v

√
em , [2]

The frequency dependence of the signal amplitude is a function
of v, v 2 , and v 3 . Finally, the signal reflects the full vector field

where v is the resonance frequency, m is the permeability,nature of the magnetic dipole. The mathematical expression of
and e is the permittivity which may be complex in a lossygeneralized reciprocity is completely equivalent to that of Hoult
dielectric. In SI units m Å mrm0 and e Å ere0 . In an NMRand Richards if the appropriate retarded potential form of the
sample, the permeability does not differ appreciably frommagnetic field is utilized. q 1998 Academic Press

the value for the vacuum unless it contains ferromagneticKey Words: NMR; signal; reciprocity.
or rare earth material. The permittivity, however, may be
very different from that of the vacuum in many samples. In
water, for example, the dielectric constant is roughly 80 overINTRODUCTION
a wide range of frequencies. At 600 MHz in a pure water
sample, therefore, the value of k is roughly 100 m01 . InThe principle of reciprocity as described by Hoult and
order to be in the near-field limit at this field the distanceRichards (1) prescribes that the magnetic field produced at
scale of the experiment must be much less than 1 cm. Ina point in space by a unit current in a radiofrequency (RF)
biological specimens at frequencies of tens to hundreds ofcoil is proportional to the electro-motive-force (EMF) in-
megahertz the dielectric constant is also on the order of 80duced in the coil by a magnetic dipole at the same point in
(2–4) . At a magnetic field of 4 T in a biological sample,space. If the field of the coil is expressed as a current normal-
therefore, the value of k may be roughly 30 m01 . In orderized B1 , the principle of reciprocity is given by
to be in the near-field limit for such an experiment the dis-
tance scale of the experiment must be much less than 3 cm.

% Å 0 Ì
Ìt

(B1rm) , [1] Neither of these cases will be entirely described by a near
field principle of reciprocity.

In this work we formulate a theory of generalized reci-
where m is the magnetic dipole moment and 1 is the EMF procity (5) . This theory of generalized reciprocity defines
induced in the coil. In short, the principle of reciprocity the EMF induced in an RF coil and is valid in the near,
elucidates the equivalence of the transmission and reception intermediate, and radiation zone fields of the magnetic di-
fields of an RF coil. This equation allows a straightforward pole. Our result takes the form of
method of calculating the EMF induced in an RF coil and
is therefore a fundamental step in calculating the signal level
in any NMR experiment. % Å 0 Ì

Ìt
(mrB *) , [3]

The principle of reciprocity as given by Eq. [1] where the
B1 field is given by the law of Biot and Savart applies in
the near-field limit of electromagnetic fields. This limit is which is equivalent to the form originally presented by Hoult

given in Eq. [1] . In the generalized theory of reciprocity,valid when the distance scale of the experiment is much less
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112 INSKO ET AL.

however, the form of the magnetic field from a current- the magnetic dipole to positions on the loop of wire. Substi-
tuting the form of the vector potential in Eq. [8] into Eq.carrying conductor is written as a generalized form of the

law of Biot and Savart (6, 7) [7] yields

B* Å m0

4p * e ikr(1 0 ikr)
d l 1 r
ÉrÉ3 , [4] % Å 0 m0

4p
Ì
Ìt * m 1 r

ÉrÉ3 rd l . [9]

where B * is the current-normalized magnetic field at the In order to satisfy the requirements of gauge invariance the
dipole which, without loss of generality, is placed at the loop over which the EMF is evaluated must be closed. Using
origin. This form of the magnetic field reduces to the law the fact that m 1 rrdl Å 0mrdl 1 r , Eq. [9] may be
of Biot and Savart in the limit where kr ! 1. Our results expressed as
predict that the signal intensity at high field can be higher
than that predicted by the near field approximation and that

% Å m0

4p
Ì
Ìt * mr

d l 1 r
ÉrÉ3 . [10]the effects of interference may be observed.

THEORY The magnetic dipole is a point dipole and, therefore, m may
be taken out of the integral without loss of generality. This

Near Field Reciprocity yields
Consider a loop of wire and an isolated magnetic dipole.

Faraday’s Law gives the EMF, %, induced in the loop by
% Å m0

4p
Ì
Ìt

mr* d l 1 r
ÉrÉ3 . [11]the time varying magnetic field, B , produced by the point

magnetic dipole:

The law of Biot and Savart indicates that the magnetic field,
B , at the origin produced by a uniform current, I , in the% Å 0 Ì

Ìt * BrnP dS . [5]
loop is given by

In this equation n̂ is the unit vector normal to the surface
B Å m0I

4p * d l 1 r
ÉrÉ3 , [12]bounded by the loop of wire. Using the relationship between

the magnetic field and the vector potential, B Å Ç 1 A ,
where A is the vector potential, yields where r is the vector from the conductor to the point where

the field is evaluated. In this case, the field will be evaluated
at the position of the magnetic dipole. Note that the direction% Å 0 Ì

Ìt * (Ç 1 A)rnP dS . [6]
of the vector r in Eq. [12] is reversed from the direction of
r specified in Eqs. [8] – [11]. The current normalized mag-
netic field produced by current in the loop of wire at theApplying Stoke’s theorem to convert the surface integral to
position of the magnetic dipole isa line integral yields an alternate form of Faraday’s Law:

B* Å m0

4p * d l 1 r
ÉrÉ3 . [13]% Å 0 Ì

Ìt * Ard l . [7]

The vector potential of the magnetic point dipole, m , at the Reversing the orientation of r and substituting this expres-
sion into Eq. [11] yieldsorigin is given by

% Å 0 Ì
Ìt

(mrB *) , [14]A(r , t) Å m0

4p
m 1 r
ÉrÉ3 , [8]

where r is the vector from the dipole to the position at which which is equivalent to the near field form of the principle of
reciprocity described by Hoult and Richards (1). A similar ‘‘bythe vector potential is evaluated, and the magnetic dipole

has a harmonic time dependence. It should be noted that this Goldman et al.’’ derivation appears elsewhere (8). In order to
determine the total EMF induced in the loop from a macroscopicform of the vector potential includes only the near field

contributions. Since only the vector potential at the loop of sample composed of magnetic dipole elements, Eq. [14] must
be integrated over all space. This is expressed aswire is of importance, r may be taken as the vector from
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113GENERALIZED RECIPROCITY

a point magnetic dipole source the full field form of the
% Å 0 Ì

Ìt * MrB *d 3r , [15] principle of reciprocity may be expressed as

where M is the magnetization and the normalized magnetic % Å 0 Ì
Ìt

(mrB *) , [19]
field of the conductor must be evaluated at the position of
every magnetic dipole in the macroscopic sample.

where B * is the current normalized magnetic field produced
by the loop of wire. In order to determine the total EMFGeneralized Reciprocity
induced in the loop from a macroscopic sample composed

Consider the fact that the transmission of radiofrequency of magnetic dipole elements Eq. [19] must be integrated
fields from the coil to the sample and from the sample to over all space. This is expressed as
the coil takes a finite period of time. Between different parts
of the coil and sample, therefore, the signal may appear with

% Å 0 Ì
Ìt * MrB *d 3r , [20]different phase. This is true whenever the coil dimensions,

sample sizes, and distances involved are on the order of the
wavelength of the radiofrequency field or greater. In this

where M is the magnetization and the normalized magneticcase, the retarded potential formalism must be invoked to
field of the conductor must be evaluated at the position offully analyze any interference effects which may appear.
every magnetic dipole in the macroscopic sample. Therefore,Assuming a point source, the full multipole expansion of
if the correct form of the magnetic field of the coil is consid-the vector potential may be written in terms of spherical
ered, the basic form of the principle of reciprocity as ex-Bessel functions and spherical harmonics for all points exte-
pressed by Hoult and Richards (1) still holds.rior to the source. The magnetic component of the dipole

order term may be extracted from the full multipole expan-
RESULTSsion of the vector potential for the magnetic dipole at the

origin and is given by
The conventional form of the law of Biot and Savart ap-

plies only in the zero frequency limit. This is a good approxi-
mation in the near field limit, where kr ! 1. However, whenA(r , t) Å m0

4p
(r 1 m)

e ikr

r 3 ( ikr 0 1), [16]
the wavelength is not large compared to the distance scale
of the problem the generalized form of the law of Biot and
Savart (6, 7) given in Eq. [4] must be used. Note that bywhere r is the vector from the dipole to points on the coil,
expanding the term e ikr(1 0 ikr) , which appears in bothk is the wavenumber, and the magnetic dipole, m , has a
Eqs. [4] and [18], the near field approximation is correctharmonic time dependence (9) . Substituting this form for
to second order in the product of k and r . Therefore, eventhe vector potential into the form of Faraday’s Law given
in cases where the product of k and r approaches unity, bothby Eq. [7] yields
the near field form of reciprocity and the conventional form
of the law of Biot and Savart are remarkably good approxi-

% Å m0

4p
Ì
Ìt * (r 1 m)

e ikr

r 3 (1 0 ikr)rd l . [17] mations (6) .
To demonstrate the consequences of generalized reciproc-

ity on the NMR signal, consider a circular loop of wire and
As before, in order to satisfy gauge invariance, the loop over a point magnetic dipole with simple harmonic time depen-
which the EMF is evaluated must be closed. Simplifying dence of frequency v nearby and on its symmetry axis as
yields shown in Fig. 1. In the model system that has been proposed,

Eq. [11] may be evaluated for the near field result and the
EMF induced in the coil is given by

% Å m0

4p
Ì
Ìt

mr* e ikr(1 0 ikr)
d l 1 r
ÉrÉ3 . [18]

% Å m0

2
R 2mziv

r 3 e0ivt , [21]
Note that in the near field limit, kr ! 1, Eq. [18] reduces
to the form of the EMF given by Eq. [11]. The form of the
magnetic field from a current source when considering the where R is the radius of the circular coil and r Å (R 2 /

d 2) 1/2 where d is the distance of the magnetic dipole fromretarded potentials is given by Eq. [4] . Note again that the
direction of the vector r in Eq. [4] is reversed from the the center of the detection coil. In this case, the EMF is 907

out-of-phase with the magnetization, the distance depen-direction of r specified in Eqs. [16] – [18]. Therefore, when
considering the appropriate form of the magnetic field from dence is 1/r 3 , and the induced EMF is proportional to v.
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114 INSKO ET AL.

both changes the phase of the EMF and introduces a dis-
tance-dependent decaying exponential.

For the purposes of simple comparison between general-
ized reciprocity and the near field approximation we address
the case of no dielectric loss. In that case, the EMF induced
in the coil is

% Å m0

2
R 2mz

r 3 ( iv /
√
emv 2r)e i (kr0vt ) , [24]

where the permittivity, e , is real. This form of the EMF may
be easily compared to the near field result given in Eq. [21].
Comparison indicates that there is a change in the distance
dependence of the signal, in the frequency dependence of
the signal, and in the phase of the signal. In either case,
only the component of the magnetic dipole parallel to the
symmetry axis of the circular coil contributes to the EMF.
Therefore, Eqs. [21] through [24] all hold for the case of a
magnetic dipole rotating in the plane perpendicular to B0 as
is conventionally assumed in magnetic resonance.

Figure 2 shows a comparison of the distance dependence
of the signal specified by Eqs. [21] and [24] for a dielectricFIG. 1. A model system for calculating the on-axis effects of the full
constant of 80 with no dielectric loss and a frequency offield form of reciprocity. The circular detection coil is of radius R and the
178 MHz, the proton frequency at 4 T. The figure demon-magnetic dipole, m , is a distance d from the center of the coil. The magnetic

dipole is situated on the symmetry axis of the circular detection coil. All
space is considered to be filled with a homogeneous and isotropic dielectric.
The distance from any point on the detection coil to the position of the
magnetic dipole is a constant in this system.

Note that only the component of the magnetic dipole parallel
to the symmetry axis of the detection coil contributes to the
EMF in this case.

If the effects of the retarded potentials are considered,
then Eq. [18] must be evaluated and the EMF induced in
the coil is

% Å m0

2
R 2mziv

r 3 (1 0 ikr)e i (kr0vt ) . [22]

This form of the EMF describes both the near and far field
NMR effects and accounts for dielectric losses. In the near
field, where kr ! 1, the result given by Eq. [22] reduces to
that given by [21]. Reciprocity as previously described is
therefore a near field approximation of generalized reciproc-
ity. In addition, generalized reciprocity explicitly accounts
for dielectric losses in the form of a complex value of the
wavenumber, k . If the wavenumber, k , is expressed as b /
ia and substituted into Eq. [22] then the EMF is given by FIG. 2. The EMF induced by a dipole with magnetic moment 1 Arm2

as a function of the distance, d , between the dipole and the center of a 2-cm
diameter circular coil as depicted in Fig. 1. For this example, the resonance

% Å m0

2
R 2mziv

r 3 (1 0 ibr / ar)e i (br0vt )e0ar . [23] frequency is chosen to be 178 MHz, the proton frequency at 4 T, with a
dielectric constant of 80 and no dielectric loss. Far away from the detection
coil the near field approximation predicts the signal falls off as 1/r3 while
generalized reciprocity shows that the signal falls off as 1/r 2 .Examination of Eq. [23] reveals that a complex wavenumber
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115GENERALIZED RECIPROCITY

strates that the signal falls off as 1/r 3 in the near field approx-
imation but as a combination of 1/r 2 and 1/r 3 in general.
Note that when the magnetic dipole is on the axis of the
circular coil no radiation zone signal, which would fall off
as 1/r , appears.

Figure 3 shows a comparison of the frequency dependence
of the signal specified by Eqs. [21] and [24] for a magnetic
dipole situated on the axis of a circular detection coil. The
figure demonstrates that the signal increases proportionally
to the frequency in the near field approximation but as a
combination of v and v 2 in general. Note that the near
field approximation is quite accurate until the frequency is
approximately 60 MHz. At this frequency, the product of k
and r is approximately equal to unity in this case. Note also
when the magnetic dipole is on the axis of the circular coil no
radiation zone signal, which is proportional to v 3 , appears.

FIG. 4. A model system for calculating the off-axis effects of the fullFor a magnetic dipole situated off the symmetry axis of the
field form of reciprocity. The circular detection coil is of radius R and thecircular coil a solution is possible with a spherical harmonic
magnetic dipole, m , is a distance d from the center of the coil. The magneticexpansion of the vector potential from the point dipole. The
dipole is situated in the plane of the circular detection coil. All space is

solution of Eqs. [11] and [18] for the case depicted in Fig. considered to be filled with a homogeneous and isotropic dielectric. The
4, where an off-axis point magnetic dipole with simple har- distance from any point on the detection coil to the position of the dipole

is not a constant in this system.monic time dependence of frequency v is considered, has
been computed using numerical methods. Note again that
only the component of the magnetic dipole parallel to the

symmetry axis of the detection coil contributes to the EMF.
Therefore, the solutions also hold for the case of a magnetic
dipole rotating in the plane perpendicular to B0 . Figure 5
shows, for a frequency of 178 MHz and a dielectric constant
of 80 with no dielectric loss, the distance dependence of the
signal. In the near field approximation the signal falls off as
1/r 3 exterior to the detection coil. The full solution indicates
that the signal falls off as 1/r far away from the coil.

Interior to the detection coil the full field solution takes
a much more complex character. As shown in Fig. 5, the
signal drops below the level predicted by the near-field ap-
proximation. When the size of the detection coil is less than
half of the wavelength of the NMR signal the effects of
interference may be observed, and the signal may fall below
the level predicted by the near-field approximation. In addi-
tion, multiple signal minima may occur interior to the coil
which are separated from one another by a distance equal
to half the wavelength of the NMR signal. Regardless, the
signal levels at the minima never fall to zero in this case
because the signals which add destructively to produce the
minima have different amplitudes.

Figure 6 shows the frequency dependence of the signal
for a point magnetic dipole off the axis of a circular detection
coil as shown in Fig. 4. The signal in this case increases

FIG. 3. The EMF induced by a dipole with magnetic moment 1 Arm2 proportionally to v in the near-field approximation but as a
as a function of the resonance frequency situated at a distance of 10 cm combination of v, v 2 , and v 3 in the general solution. Note
from the center of a 2-cm diameter circular detection coil, as shown in Fig. that the near-field approximation is quite accurate until the
1. For this example, the dielectric constant is 80 and there is no dielectric

frequency is approximately 40 MHz. The v 3 frequency de-loss. At high frequencies the near-field approximation predicts that the
pendence of the signal in this case is due to the radiationsignal increases proportionally to v, whereas generalized reciprocity shows

that the signal increases proportionally to v 2 . zone field contribution to the signal.
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In situations where the wavelength is not large compared
to the distance scale, however, a generalized principle of
reciprocity is required to describe any interference effects
that may occur. In addition, the effects of the near, intermedi-
ate, and radiation zone fields of the magnetic dipole change
the frequency dependence, distance dependence, phase, and
vector nature of the signal. Finally, the near-field approxima-
tion of reciprocity makes no allowance for the effects of
dielectric losses. Only a generalized theory of reciprocity
will allow for a calculation of the signal that is valid in all
experimental cases.

The calculation of the signal detected in high-field NMR
experiments follows directly from a generalized principle of
reciprocity. The signal, even for the simple case of an iso-
lated magnetic dipole and a circular detection coil, exhibits
many complex characteristics. As demonstrated in the two
cases considered in this paper, the distance dependence of
the signal is no longer the standard 1/r 3 relationship. In
general, the distance dependence of the signal may follow
a 1/r 3 , 1/r 2 , or a 1/r dependence. This predicts an increased
level of signal at higher field strengths. Also demonstrated
is a change in the frequency dependence of the signal. In

FIG. 5. The EMF induced by a dipole with magnetic moment 1 Arm2

as a function of the off-axis distance, d , between the dipole and the center
of a circular coil as depicted in Fig. 4. For this example, the resonance
frequency is chosen to be 178 MHz with a dielectric constant of 80 and
no dielectric loss. The detection coil is taken to have a radius of 10 cm.
Far away from the detection coil the near-field approximation predicts that
the signal falls off as 1/r 3 while generalized reciprocity shows that the
signal falls off as 1/r . Note that interior to the detection coil, generalized
reciprocity demonstrates that the signal falls below the level predicted by
the near-field approximation. This is due to an interference effect.

Exterior to the coil it is also possible to observe the effects
of interference which arise from detection of the EMF with
differing phase on different parts of the coil. In this case,
the minima are separated from one another such that the
difference in frequency corresponds to a wavelength which
is equal to the diameter of the coil. The signal levels at the
minima will never fall to zero in this case because the signals
which add destructively have different amplitudes.

DISCUSSION

The near-field principle of reciprocity, as elucidated by
Hoult and Richards (1) , is an excellent approximation for
most experimental cases considered in NMR. This is true FIG. 6. The EMF induced by a dipole with magnetic moment 1 Arm2

for two reasons. First, most NMR experiments are performed as a function of the resonance frequency situated at a distance of 10 cm
from the center of a circular detection coil, as shown in Fig. 4. The detectionat field strengths and distance scales in which the near-field
coil is taken to have a radius of 10 cm. For this example, the dielectriclimit holds. Second, even when the product of the wavenum-
constant is 80 and there is no dielectric loss. At high frequencies, the near-ber, k , and the distance scale, r , of the experiment approach
field approximation predicts that the signal increases proportionally to v,

unity the near-field approximation is quite accurate because whereas generalized reciprocity shows that the signal increases proportion-
the first nonzero correction terms to the near-field approxi- ally to v 3 . In addition, interference effects, which decrease the signal, are

observed.mation are second order in the product of k and r .
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the near-field case the signal is proportional to v. In general, In summary, when the wavelength of the NMR signal
approaches the distance scale of the experiment the predic-however, the signal may be proportional to v, v 2 , or v 3 .

This also implies that the signal increase at high field will be tions of the near-field approximation fail and a generalized
theory of reciprocity is mandated. Generalized reciprocitygreater than that predicted by the near-field approximation.

The two cases considered in this paper also serve to dem- reveals that the frequency and distance dependence of the
signal differs from that previously assumed. Moreover, theonstrate that the vector nature of the magnetic dipole must

now be considered in a calculation of the signal. For exam- signal reflects the full vector field nature of the magnetic
dipole. Finally, when the wavelength of the NMR signalple, in the case where the dipole is located on the symmetry

axis of the detection coil as shown in Fig. 1, the signal approaches the distance scale of the experiment, the effects
of interference may be significant.follows an v 2 frequency dependence and a 1/r 2 distance

dependence outside of the near field. This is because there
ACKNOWLEDGMENTSis no on axis radiation from a magnetic dipole. When the

dipole is situated off the axis of the detection coil as shown
We are especially indebted to Masaru Ishii, Phil Bergey, and the reviewerin Fig. 4, however, the effects of radiation from the magnetic

for their helpful comments. We are also grateful to Maurice Gueron for his
dipole are now evident and the signal follows an v 3 fre- thoughtful correspondence. This work was supported by NIH Grant RR-
quency dependence and a 1/r distance dependence outside 02305.
of the near field. Thus, the vector nature of the field of a
magnetic dipole must also be considered in a calculation of REFERENCES
the signal in NMR.

1. D. I. Hoult and R. E. Richards, The signal-to-noise ratio of the nu-Finally, the cases considered in this paper serve to demon-
clear magnetic resonance experiment, J. Magn. Reson. 24, 71strate that signals may arrive at the detection coil with dif- (1976).

fering phases. Therefore, the interference of signals may 2. K. Foster and H. P. Schwann, in ‘‘CRC Handbook of Biological
occur. When a magnetic dipole is on the axis of a detection Effects of Electromagnetic Fields’’ (C. Polk and E. Postow, Eds.) ,
coil, as shown in Fig. 1, the signals from the dipole all arrive 2nd ed., p. 93, CRC Press, Boca Raton, FL (1996).

at the coil with the same phase as the distance from the 3. C. Gabriel, S. Gabriel, and E. Corthout, The dielectric properties
of biological tissues: I. Literature survey, Phys. Med. Biol. 41 (11) ,dipole to all points on the coil is a constant. When the
2231 (1996).distance from the magnetic dipole to all points on the coil

4. S. Gabriel, R. W. Lau, and C. Gabriel, The dielectric properties ofis not a constant, as in the case depicted in Fig. 4, the signal
biological tissues: II. Measurements in the frequency range 10 Hz

from the dipole arrives at the coil with a different phase at to 20 GHz, Phys. Med. Biol. 41 (11) , 2251 (1996).
each point on the coil. Therefore, when the signals arrive at 5. E. K. Insko, Ph.D. Thesis, University of Pennsylvania (1996).
the coil with different phases the signals may interfere. This 6. R. P. Feynman, R. B. Leighton, and M. Sands, ‘‘The Feynman Lec-
implies that the signal may fall below the level predicted by tures on Physics,’’ Vol. 2, Chap. 21, p. 7, Addison-Wesley, Reading,

MA (1965).the near-field approximation.
7. C. Mahony, L. K. Forbes, S. Crozier, and D. M. Doddrell, A novelThe existence of finite conductivity produces dielectric

approach to the calculation of RF magnetic and electric fields forloss. This decreases the signal levels attainable in any NMR
NMR coils of arbitrary geometry, J. Magn. Reson. B 107, 145experiment. The exact decrease in signal depends on both (1995).

the conductivity and size of the sample. Dielectric loss also 8. M. Goldman, V. Fleury, and M. Gueron, NMR frequency shift under
changes the phase of the signal. Therefore, the character of sample spinning, J. Magn. Reson. A 118, 11 (1996).
interference effects also depend in detail on the conductivity 9. J. D. Jackson, ‘‘Classical Electrodynamics,’’ 2nd ed., p. 398, Wiley,

New York (1975).and size of the sample.

AID JMR 1355 / 6j29$$$284 03-13-98 08:05:30 maga


